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Introduction

The graphs we talk about are undirected, simple, and connected.

Hamiltonian Cycle: A cycle that visits every vertex exactly once

Theorem [R. M. Karp, 1975]

The Hamiltonian Cycle Problem is NP-complete

Definition: S-Hamiltonian cycle

Given a set S of integers, a S-Hamiltonian cycle is a permutation (v0, . . . , vn−1) of the vertices such
that each consecutive pair is connected by a walk of length ℓ ∈ S
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Some examples

Definition: S-Hamiltonian cycle

Given a set S of integers, a S-Hamiltonian cycle is a permutation (v0, . . . , vn−1) of the vertices such
that each consecutive pair is connected by a walk of length ℓ ∈ S

A

B

C

A1

B1

C1S = {1}

Walks vs simple paths

Walks vs shortest paths (distance)
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Antoine Amarilli, Arthur Lombardo, Mikaël Monet (Univ. Lille, Inria, CNRS, Centrale Lille, ENS Paris)The S-Hamiltonian Cycle Problem June 4, 2026 3 / 12



Some examples

Definition: S-Hamiltonian cycle

Given a set S of integers, a S-Hamiltonian cycle is a permutation (v0, . . . , vn−1) of the vertices such
that each consecutive pair is connected by a walk of length ℓ ∈ S

A

B

C

A1

B1

C1S = {3} ⇔ S = {1, 3}

Walks vs simple paths

Walks vs shortest paths (distance)
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Known Results

The S-Hamiltonian cycle definition generalizes results from previous papers:

Theorem [P. Underground, 1978]

The {1, 2}-Hamiltonian cycle problem is NP-complete

Theorem [J. Karaganis, 1968]

The {1, 2, 3}-Hamiltonian cycle problem is trivial
(every graph contains such a cycle)
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Even-odd trick (S = {1, 2, 3})

Theorem [J. Karaganis, 1978]

Every connected graph admits a {1, 2, 3}-Hamiltonian cycle

Take a spanning subtree

Bipartition the vertices by depth parity

Start a Depth First Search

Take odd-depth vertices in postfix order

Take even-depth vertices in prefix order

Depth

0

1

2

3

4
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Corollary from the known results

We now have the following results:

S = {1}: NP-complete

S = {1, 2}: NP-complete

S = {1, 2, 3}: Trivial

S = {1, 2, 3, . . . , k}, k ≥ 3: Trivial

S = {2}: ???
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Our results

A decision tree for the complexity of the S-Hamiltonian cycle problem

Parity of elements in S?

6 ∈ S?

P
S = {2, 4, 6}

yes

NP-c
S = {2}

S = {2, 4}

no

Only even numbers

4 ∈ S?

Trivial
S = {1, 2, 4}

yes

3 ∈ S?

Trivial
S = {1, 2, 3}

yes

NP-c
S = {1, 2}

no

no

Both

3 ∈ S?

Open
S = {1, 3, . . . , k}
for some odd k

yes

NP-c
S = {1}

no

Only odd numbers
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S = {1, 2, 4} is trivial

Theorem [This paper]

Every graph admits a {1, 2, 4}-Hamiltonian cycle

Induction statement: For any tree T and any vertex r ∈ V (T ), there exists a {1, 2, 4}-
Hamiltonian cycle where the first jump after r is of length 1

Start at the required vertex

Visit the leaves

Enter the first subtree

Follow its cycle given by
the induction hypothesis

Repeat

r

a1

b1

a2

b2

a3

b3

· · · · · · · · ·
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Antoine Amarilli, Arthur Lombardo, Mikaël Monet (Univ. Lille, Inria, CNRS, Centrale Lille, ENS Paris)The S-Hamiltonian Cycle Problem June 4, 2026 8 / 12



S = {1, 2, 4} is trivial

Theorem [This paper]

Every graph admits a {1, 2, 4}-Hamiltonian cycle

Induction statement: For any tree T and any vertex r ∈ V (T ), there exists a {1, 2, 4}-
Hamiltonian cycle where the first jump after r is of length 1

Start at the required vertex

Visit the leaves

Enter the first subtree

Follow its cycle given by
the induction hypothesis

Repeat

r

a1

b1

a2

b2

a3

b3

· · · · · · · · ·

r

a1

b1
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S = {2, 4, 6} is polynomial

Theorem [This paper]

The {2, 4, 6}-Hamiltonian cycle problem can be solved in
polynomial time

A graph admits a {2, 4, 6}-Hamiltonian cycle
if and only if the graph is not bipartite
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S = {2, 4, 6} on a non-bipartite graph

Theorem [This paper]

Every non-bipartite graph has a {2, 4, 6}-Hamiltonian cycle

Find an odd length cycle

Take a spanning forest

In each subtree, find a {1, 2, 3}
cycle on vertices at even depth

Same on vertices at odd depth

Traverse the red cycle twice, alternating
odd-depth and even-depth cycles of the subtrees
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Antoine Amarilli, Arthur Lombardo, Mikaël Monet (Univ. Lille, Inria, CNRS, Centrale Lille, ENS Paris)The S-Hamiltonian Cycle Problem June 4, 2026 10 / 12



S = {2, 4, 6} on a non-bipartite graph

Theorem [This paper]

Every non-bipartite graph has a {2, 4, 6}-Hamiltonian cycle

Find an odd length cycle

Take a spanning forest

In each subtree, find a {1, 2, 3}
cycle on vertices at even depth

Same on vertices at odd depth

Traverse the red cycle twice, alternating
odd-depth and even-depth cycles of the subtrees
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S = {2} is NP-complete

Theorem [This paper]

The {2}-Hamiltonian path problem with specified endpoints is NP-complete.

NP reduction from the {1}-Hamiltonian
path problem from X to Y :

Subdivide each edge once

Add a triangle gadget at the end endpoint

Original graph has {1}-Ham. path X→Y
⇔ New graph has {2}-Ham. path X→Z

The triangle is the only way to
alternate between circles and squares

X Y

Z

A

B

C
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Antoine Amarilli, Arthur Lombardo, Mikaël Monet (Univ. Lille, Inria, CNRS, Centrale Lille, ENS Paris)The S-Hamiltonian Cycle Problem June 4, 2026 11 / 12



S = {2} is NP-complete

Theorem [This paper]

The {2}-Hamiltonian path problem with specified endpoints is NP-complete.

NP reduction from the {1}-Hamiltonian
path problem from X to Y :

Subdivide each edge once

Add a triangle gadget at the end endpoint

Original graph has {1}-Ham. path X→Y
⇔ New graph has {2}-Ham. path X→Z

The triangle is the only way to
alternate between circles and squares

X YZ

A

B

C
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Conclusion

Parity of elements in S?

6 ∈ S?

P
S = {2, 4, 6}

yes

NP-c
S = {2}

S = {2, 4}

no

Only even numbers

4 ∈ S?

Trivial
S = {1, 2, 4}

yes

3 ∈ S?

Trivial
S = {1, 2, 3}

yes

NP-c
S = {1, 2}

no

no

Both

3 ∈ S?

Open
S = {1, 3, . . . , k}
for some odd k

yes

NP-c
S = {1}

no

Only odd numbers

Future work:

Open case: S = {1, 3, . . . , k}
Directed Graphs
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Future work:

Open case: S = {1, 3, . . . , k}
Directed Graphs

Thank you!
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